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Abstract
Recently, using the model of N = 2 supergravity — vector multiplets interaction
with the scalar field geometry SU(1,m)/SU(m)⊗U(1) as an example, we have shown
that even when the scalar field geometry is fixed, one can have a whole family of the
Lagrangians, which differ by vector field duality transformation. In this paper we carry
out the construction of such families for the case of N = 3 and N = 4 supergravities,
the scalar field geometry being SU(3,m)/SU(3)⊗SU(m)⊗U(1) and SU(1, 1)/U(1)⊗
O(6,m)/O(6) ⊗ O(m), correspondingly. Moreover, it turns out that these families
contain, as a partial case, the models describing the interaction of arbitrary number
of vector multiplets with our hidden sectors, admitting spontaneous supersymmetry
breaking without a cosmological term.
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1 Introduction
As is well known (see e.g. [1]), scalar fields in extended supergravities usually describe some
non-linear σ-models of the form G/H , where G is some noncompact group, and H — its
maximal compact subgroup. In this, the group G would be the global symmetry of the
whole Lagrangian, but in many models it turns out that the realization of this group on the
vector fields includes duality transformations. This leads to the fact that only a part of the
group G appears to be the symmetry of the Lagrangian, the rest being the symmetry of the
equations of motion only. In turn, the invariance of the equations of motion leads to the
existence of the whole family of the Lagrangians (we will call them dual versions) with the
same scalar field geometry. In our recent paper [2], we have demonstrated this fact on the
simplest example — N = 2 supergravity with vector multiplets and scalar field geometry
SU(1, m)/SU(m)⊗ U(1). Moreover, a deep connection between different dual versions and
the problem of spontaneous supersymmetry breaking appeared.
In this paper we consider the generalization of such construction to the case of N = 3
and N = 4 supergravities. For completeness, in the next section we reproduce our N = 2
example, mentioned above. Then we show that it is easy to generalize this result to the
case of N = 3 supergravity with arbitrary number of vector multiplets and scalar field
geometry SU(3, m)/SU(3) ⊗ SU(m) ⊗ U(1). Moreover, it turns out that the Lagrangian
constructed contains, as a partial case, model [3], describing an interaction of ”matter”
vector multiplets with the hidden sector [4], admitting spontaneous supersymmetry breaking
without a cosmological term.
The N = 4 case appears to be more difficult. The reason is that the N = 4 super-
gravity itself [5, 6, 7] already contains two scalar fields, corresponding to the non-linear
σ-model SU(1, 1)/U(1). So, we started with the pure N = 4 supergravity and found the
most general Lagrangian for this theory. Then we have managed to construct the fam-
ily of the Lagrangians, which gives the most general (to our knowledge) interaction of
N = 4 supergravity with vector multiplets, scalar field geometry for the whole family being
SU(1, 1)/U(1)⊗O(6, m)/O(6)⊗O(m). As in the N = 3 case, it turns out that as a partial
case this family contains model [8], describing an interaction of vector multiplets with hidden
sector [9].
2 N = 2 supergravity
In this section we give a brief description of our model for general interaction of N = 2
supergravity with vector multiplets, the scalar field geometry being SU(1, m)/SU(m)⊗U(1).
The simplest way to describe this model is to introduce, apart from the graviton eµr and
gravitini Ψµi, i = 1, 2, m + 1 vector multiplets {Aµa,Ωia, za}, a = 0, 1, ...m. The following
constraints correspond to the model with required geometry:
z¯a · za = −2, za · Ωia = 0. (1)
In this, the theory has local axial U(1) invariance with composite gauge field Uµ = (z¯a∂µz
a).
The corresponding covariant derivatives look like, e.g.,
Dµza = ∂µza + 1
2
(z¯∂µz)z
a, z¯aDµza = 0,
2
Dµηi = Dµηi − 1
4
(z¯∂µz)ηi. (2)
The crucial point is that this local U(1) invariance and constraints (1) do not determine
the form of the Lagrangian and supertransformations unambiguously. Indeed, one can make
the following general ansatz for the supertransformations:
δeµr = i(Ψ¯µ
iγrηi),
δΨµi = 2Dµηi − i
2
εij
zaEaα(σA)
α
(zgz)
γµη
j ,
δAm
α = εij(Ψ¯µiz
aKa
αηj) + i(Ω¯
iaγµKa
αηi), (3)
δΩia = −1
2
[
Eaα(σA)
α − gabz
b(zcEcα(σA)
α)
(zgz)
]
ηi − iεijDˆzaηj,
δxa = εij(Ω¯iaηj) δy
a = εij(Ω¯iaγ5ηj),
where Eaα, Ka
α, α = 0, 1, ...m and gab are constant matrices and then find the corresponding
Lagrangian:
L = −1
2
R +
i
2
εµνρσΨ¯µ
iγ5γνDρΨσi + i
2
Ω¯iaDˆΩia + 1
2
Dµz¯aDµza −
−1
4
Aµν
αEaαE¯
a
βAµν
β +
1
4
[
(zEAµν)(zE(Aµν + γ5A˜µν))
(zgz)
+ h.c.
]
−
−1
2
εijΨ¯µi
z¯aE¯
a
α(A
µν − γ5A˜µν)α
(z¯g¯z¯)
Ψνj − 1
2
εijΩ¯iaγµγνDνzaΨµj +
+
i
4
Ω¯iaγµ
[
Eaα(σA)
α − gabz
b(zE(σA))
(zgz)
]
Ψµi (4)
In this, the requirements of the closure of the superalgebra and the invariance of the La-
grangian give:
K¯aαEaβ = δ
α
β , gab = Ka
αEbα, Ea[αE¯
a
β] = 0. (5)
The first two equations allow one to express Ka
α and gab in terms of the Eaα while the last
one turns out to be the only constraint on Eaα. Note that in such model vector fields Aµ
α
and spinor Ωia and scalar z
a fields carry different kind of indices exactly as in the general
construction of [10].
Thus, we have really, obtained a whole family of the Lagrangians with the same scalar
field geometry. In [2] we have shown that as a partial case such family contains a model
corresponding to the interaction of arbitrary number of vector multiplets with hidden sector
[11], admitting spontaneous supersymmetry breaking without a cosmological term. So, it is
the choice of the dual version that determines the possibility of spontaneous supersymmetry
breaking, while the scalar field geometry determines the pattern of such breaking, i.e. the
structure of soft breaking terms that are generated after symmetry breaking had taken place.
It is this close connection of the existence of dual versions and the problem of spontaneous
supersymmetry breaking that makes an investigation of dual version for other extended
supergravities interesting.
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3 N = 3 supergravity
The N = 3 vector multiplets contain complex scalar fields zi, i = 1, 2, 3, which are trans-
formed under the triplet representation of SU(3) group. So the only natural candidate for
the scalar field geometry, corresponding to the N = 3 supergravity — vector multiplet in-
teraction is the non-linear σ-model SU(3, m)/SU(3) ⊗ SU(m) ⊗ U(1). Such a model was
indeed constructed [12, 4] some time ago. It turned out that due to reality of the vector
fields only the real subgroup O(3, m) appeared to be the global symmetry of the Lagrangian,
while the rest of the SU(3, m) group (containing vector field duality transformations) was
the symmetry of the equations of motion only. But this means that there exists a whole
family of the Lagrangians with the same scalar field geometry but with different vector fields
coupling. It is this general coupling that we are going to construct in this section.
Let us introduce the following set of fields: graviton eµr, gravitini Ψµi, Majorana spinor
ρ and m+ 3 vector multiplets {Aµa,Ωia, λa, zia}, where a = 1, 2, ...m+ 3 with the signature
(−−−,+ + ...+). Then in order to have the model with the required scalar field geometry
one has to impose the following constraints on the scalar and spinor fields:
zi
az¯a
j = −2δij , ziaΩja = z¯iaλa = 0. (6)
In this, the theory has local SU(3)⊗ U(1) invariance with composite gauge fields, e.g.
Dµzia = ∂µzia − 1
2
(zi∂µz¯
j)zj
a, z¯iDµzj = 0. (7)
Now, by the analogy with the N = 2 case, we will try the following ansatz for the
supertransformations, compatible with constraints (6) and SU(3)⊗ U(1) invariance:
δeµr = i(Ψ¯µ
iγrηi),
δΨµi = 2Dµηi + i
2
εijk(g
−1)jl[zl
aMa
α(σA)α]γµη
k,
δAµ
α = −εijk(Ψ¯µizjaKaαηk) + i√
2
ρ¯zi
aKa
αγµηi + i(Ω¯iaK¯
aαγµηi), (8)
δΩia = −1
2
{Maα(σA)α − gabzjb(g−1)jk[zkcMcα(σA)α]}ηi + iεijkγµDµzjaηk,
δρ = − 1√
2
(g−1)ij[zj
aMa
α(σA)α]ηi, δλ
a = −iγµDµz¯iaηi,
δϕi
a = (λ¯aηi) + εijk(Ω¯
jaηk), δpii
a = −(λ¯aγ5ηi) + εijk(Ω¯jaγ5ηk),
where Ka
α, Ma
α, α = 1, 2, ...m+3 and gab are constant matrices, while gij = zi
agabzj
b. Note,
that a rather complicated structure for δΩia was chosen so that zi
aδΩja = 0. In this, the
requirement of the closure of the superalgebra on the bosonic fields leads to:
K¯aαMa
β = δα
β, Ka
α = gabK¯
bα. (9)
By rather long but straightforward calculations one can construct the corresponding
Lagrangian:
L = −1
2
R +
i
2
εµνρσΨ¯µ
iγ5γνDρΨσi + i
2
ρ¯Dˆρ+
4
+
i
2
Ω¯iDˆΩi + 1
2
λ¯Dˆλ+ 1
2
Dµz¯iDµzi − 1
4
Ma
αM¯aβAµν
αAµν
β +
+
1
4
Ma
αzj
a(g−1)jkzk
bMb
βAµν
α(Aµν + iA˜µν)
β + h.c. +
+
1
2
εijkΨ¯µi(g¯
−1)jlz¯
l
aM¯
a
α(Aµν − γ5A˜µν)αΨνk +
+
i
2
√
2
ρ¯γµ(g−1)ijzj
aMa
α(σA)αΨµi +
+
i
4
Ω¯iaγµ[Ma
α(σA)α − gabzjb(g−1)jkzkcMcα(σA)α]Ψµi +
+
1
2
εijkΩ¯iaγ
µγνDνzjaΨµk − 1
2
λ¯aγµγνDν z¯iaΨµi −
− 1
2
√
2
λ¯a[Ma
α(σA)α − gabzjb(g−1)jkzkcMcα(σA)α]ρ−
−1
2
λ¯a(g−1)ijzj
bMb
α(σA)αΩia. (10)
This Lagrangian will be invariant under the supertransformations given above provided:
gab = Ka
αMb
α, Ma
[αM¯a|β] = 0. (11)
These relations together with ones from the requirement of the closure of the superalgebra
allow one to express Ka
α and gab in terms of Ma
α, the last relation being the only constraint
on it.
Thus, we indeed have obtained a whole family of Lagrangians and one can easily check
that previously known one [4] corresponds to the trivial case Ma
α = δa
α. A less trivial (and
physically more interesting) case is model [3], describing the interaction of the arbitrary
number of vector multiplets with hidden sector [4] (recall, that it is just the dual version
of the system N = 3 supergravity with three vector multiplets). The corresponding matrix
Ma
α looks like:
M =


I3×3 γ5 × I3×3 03×(m−3)
I3×3 −γ5 × I3×3 03×(m−3)
0(m−3)×3 0(m−3)×3 I(m−3)×(m−3)

 . (12)
The only difficulty arises from the fact that matrix gab and hence gij turns out to be degen-
erate in this case (this is the reason for the enhancement of the global symmetry and other
peculiar features of the model). So, one has to make some kind of regularization for the
matrix Ma
α to avoid singularities, keeping only the terms which survive when regularization
parameter goes to zero and making field rescaling if necessary. We have explicitly checked
that one indeed can reproduce all the formulas from [3] in this way.
4 N = 4 supergravity
As we have already mentioned, N = 4 case is more complicated due to the presence of
two scalar fields in the supergravity multiplets. These fields parameterize non-linear σ-
model SU(1, 1)/U(1), in this, the group SU(1, 1) fails to be the global symmetry of the
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whole Lagrangian including vector field terms. This leads to the existence of different dual
versions for such theory, the best known examples being so called O(4) [5, 6] and SU(4) [7]
supergravities.
To describe the most general form of N = 4 supergravity let us introduce the following
fields: graviton eµr, gravitini Ψµi, i = 1, 2, 3, 4, vector fields Aµ
a, a = 1, 2, 3, 4, 5, 6, Majorana
spinors λα, α = 0, 1 and a couple of complex scalars z
α. The scalars and spinors satisfy the
usual constraints:
zαz¯α = −2, zαλα = 0 (13)
and the theory has local U(1) invariance with the composite gauge field. Now one can choose
the following general ansatz for the supertransformations:
δeµr = i(Ψ¯µγrη),
δΨµ = 2Dµη − i
4
(σA)mEmaτ
aη,
δAµ
m = Ψ¯µz
αKα
maτ¯aη − iλ¯αγµKαmaτ¯aη, (14)
δλα = −1
4
εαβz
β(σA)mEmaτ¯
aη − iγµDµzαη,
δz¯α = 2(λ¯αη),
where Kα
ma is a constant matrix, while Ema is a function of zα with the axial charge equal
to that of z¯α. Besides, we introduced six antisymmetric matrices (τ
a)[ij], such that
(τ¯a)ij =
1
2
εijkl(τa)kl, (τ
a)ij(τ¯
b)jk + (a↔ b) = −2δik. (15)
The requirement of the closure of the superalgebra on the bosonic fields leads to:
Kα
ma = εαβK¯
β,ma, KmaEna = z
αKα
maEna = δ
m
n. (16)
The corresponding ansatz for the Lagrangian looks like:
L = −1
2
R +
i
2
εµνρσΨ¯µγ5γνDρΨσ + i
2
λ¯αDˆλα + 1
2
DµzαDµz¯α +
+
1
8
MmaEnaAµν
m(Aµν + γ5A˜µν)
n + h.c.−
−1
4
Ψ¯µ(A
µν − γ5A˜µν)mE¯maτ¯aΨν − 1
2
λ¯αγ
µγνDνzαΨµ +
+
i
8
λ¯αγµεαβz
β(σA)mEmaτ¯
aΨµ, (17)
where Mma is also the function of z
α. This Lagrangian will be invariant under the super-
transformations provided:
εαβKα
maKβ
na = 0, MmaK¯na + M¯maKna = −2δmn. (18)
If one chooses Mma = z
αMα,ma, where Mα,ma is a constant matrix, satisfying Mα,ma =
−εαβM¯βma, then the second relation gives:
M¯αmaKα,na = δmn. (19)
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Note, that this relation determines Mma only up to the change Mma → Mma+ωγ5Kma, but
the corresponding Lagrangians differ by the total divergency.
Now we are ready to consider the most general interaction of N = 4 supergravity with the
arbitrary number of vector supermultiplets, the scalar field geometry being SU(1, 1)/U(1)⊗
O(6, m)/O(6)⊗O(m). For this purpose we shall use the same set of fields as before, but in-
stead of six vector fields Aµ
a we introduce now (6+m) vector supermultiplets (Aµ
A,Ωi
A,Φa
A),
A = 1, 2, ...m+ 6. The scalar and spinor fields satisfy the following constraints:
Φa
AΦb
A = −δab, ΦaAΩiA = 0 (20)
which correspond to the required geometry and lead to the local O(6) invariance, as usual.
Taking into account all the scalar and spinor field constraints, we choose the following ansatz
for the supertransformations, generalizing our results for pure N = 4 supergravity:
δΨµ = 2Dµη − i
4
(σA)MEMAΦa
A(g−1)abτ bγµη,
δAµ
M = (Ψ¯µz
αKα
MAΦa
Aτ¯aη) + i(Ω¯iAγµz
αKα
MAη)− i(λ¯αγµKαMAΦaAτ¯aη),
δΩA = −1
2
[EMA(σA)
M − gABΦaB(g−1)abΦbCENC(σA)N ]η − iγµDµΦaAτ¯aη,
δλα = −1
4
εαβz
β(σA)MEMAΦa
A(g−1)abτ¯ bη − iγµDµzαη, (21)
δΦa
A = (Ω¯Aτ¯aη), δz¯α = 2(λ¯αη),
where Kα
MA are constant matrices, EMA and GAB are functions of z
α to be determined,
while gab = Φa
AgABΦb
B. The requirement of the closure of the superalgebra on the bosonic
fields leads to the following relations on them:
K¯MAENA = δ
M
N , K
MA = gABK¯MB, Kα
MA = εαβK¯
β,MA (22)
where KMA = zαKα
MA. It is not hard to construct the fermionic part of the corresponding
Lagrangian:
LF = −1
2
Ω¯AγµγνDνΦaAτ¯aΨµ − 1
2
λ¯αγ
µγνDνzαΨµ −
−1
4
Ψ¯µ(Aµν − γ5A˜µν)M E¯MAΦaA(g¯−1)abτ¯ bΨν +
+
i
4
Ω¯Aγµ[EMA(σA)
M − gABΦaB(g−1)abΦbCENC(σA)N ]Ψµ +
+
i
8
λ¯αε
αβ z¯βγµ(σA)
MEMAΦa
A(g−1)abτ¯ bΨµ +
+
1
4
Ω¯A[EMA − gABΦbB(g−1)bcΦcCEMC ](σA)M z¯αεαβλβ −
−1
8
Ω¯A(σA)MEMBΦa
B(g−1)abτ¯ bΩA. (23)
The invariance of the whole Lagrangian can be achieved with the following form of vector
fields kinetic terms:
LV = −1
4
Aµν
MAµν
NEMAE¯NA − 1
4
γ5Aµν
M A˜µν
N [E¯MAF¯NA − EMAFNA] +
+
1
4
Aµν
M(Aµν
N + γ5A˜µν
N)[EMAΦa
A(g−1)abΦb
BENB] + h.c., (24)
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where FMA — one more function of z
α, provided:
gAB = ENAK
N
B EMAE¯NA = ENAE¯MA EMAFNA = ENAFMA (25)
Thus we have managed to construct the most general (as far as we know) model for the
N = 4–matter interaction, all previously known results [13, 14, 15, 16] being partial cases of
our general formulas. Moreover, just as in the previous cases, one can obtain as one more
interesting partial case our model [8], corresponding to the interaction of arbitrary number of
vector multiplets with the hidden sector [9], admitting spontaneous supersymmetry breaking
without a cosmological term.
Note, that another interesting result can be easily obtained from the formulas given above.
Indeed, if one puts i = 1, 2, a = 1, 2, A+1, 2, ...m+2 and uses τa = (εij , γ5ε
ij) then the same
formulas given one the most general dual version for the N = 2 supergravity interacting with
vector multiplets with scalar field geometry SU(1, 1)/U(1)⊗O(2, m)/O(2)⊗ O(m)!
5 Conclusion
Thus, we have seen that for all extended N = 2, 3, 4 supergravities there exist dual ver-
sions for the Lagrangian of supergravity — matter interaction having the same scalar field
geometry but different vector fields couplings. This fact appears to be tightly connected
with the problem of spontaneous supersymmetry breaking in such theories. The reason is
that the choice of dual version determines the global symmetry of the Lagrangian, which in
turn implies different possible gaugings and leads to the models with or without spontaneous
supersymmetry breaking, cosmological term and so on. One more interesting question arises
in the superstring context. Namely, if one has a four dimensional superstring having the
extended N > 1 supersymmetry it is not enough to determine the geometry of the scalar
fields to fix the effective low-energy Lagrangian. As we have seen, one has also to know the
dual version it corresponds to.
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